Discrete SL2 Connections and Self-Adjoint Difference Operators on the
  Triangulated 2-manifold by Grinevich, P. G. & Novikov, S. P.
ar
X
iv
:1
20
7.
17
29
v6
  [
ma
th-
ph
]  
27
 A
ug
 20
13
P.Grinevich, S.Novikov 1
Discrete SL2 Connections and Self-Adjoint Difference Operators
on the Triangulated 2-manifolds
Abstract. Discretization Program of the famous Completely Integrable
Systems and associated Linear Operators was developed in 1990s. In partic-
ular, specific properties of the second order difference operators on the trian-
gulated manifolds and equilateral triangle lattices were studied in the works
of S.Novikov and I.Dynnikov since 1996. They involve factorization of oper-
ators, the so-called Laplace Transformations, new discretization of Complex
Analysis and new discretization of GLn connections on the triangulated n-
manifolds. The general theory of the new type discrete GLn connections was
developed. However, the special case of SLn-connections (and unimodular
SL±n connections such that detA = ±1 ) was not selected properly. As we
prove in this work, it plays fundamental role (similar to magnetic field in
the continuous case) in the theory of self-adjoint discrete Schrodinger oper-
ators for the equilateral triangle lattice in R2. In Appendix 1 we present a
complete characterization of rank 1 unimodular SL±n connections. Therefore
we correct a mistake made in the previous versions of our paper (we wrongly
claimed that for n > 2 every unimodular SL±n Connection is equivalent to
the standard Canonical Connection). Using communications of Korepanov
we completely clarify connection of classical theory of electric chains and
star-triangle with discrete Laplace transformation on the triangle lattices2.
1. Discrete GLn Connections.
Let Mn be any simplicial complex in particular triangulated manifold
equipped by the set of (real positive) numbers uT :P 6= 0 assigned to every
n-simplex T and its vertex P ∈ T . They define an operator Q mapping
1P.Grinevich, Landau Institute for Theor Physics, pgg@landau.ac.ru; S.Novikov, Lan-
dau Institiute for Theor Physics and IPST/Math, University of Maryland, College Park,
novikov@ipst.umd.edu
2The works of S.Novikov with and without collaborators quoted here can
be found in his homepage www.mi.ras.ru/˜snovikov click Publications, items
136,137,138,140,146,148,159,163, 173,174,175.
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functions of vertices to the functions of n-simplices
QψT =
∑
P
uT :PψP
Definition 1. The Discrete R+-valued GLn Connection is defined by the
equation Qψ = 0 with uT :P > 0 in R. Its coefficients are defined up to the
arbitrary Abelian Gauge Transformations determined by the pair of positive
nonzero functions of triangles and vertices gT > 0, hP > 0:
ψ → hPψP , µ
T
PP ′ → hP ′/hPµ
T
PP ′, Q→ gTQ/hP
Remark. The case of GL2 connections in the 2-dimensional simplicial
skeletons of 3-manifolds may present special interest.
Remark. We will develop a theory of C∗-valued connection in the next
work.
The elementary parity connection is defined as a mapping assigning
to every closed thick path γ its “parity” P (γ) = (−1)m(γ), where m(γ) is the
number of the simplices in the thick path γ. As we know, the parity connection
is trivial if and only if the n-simplices can be colored in black and white. In
previous works we called such colorings discrete conformal structures.
In all cases below we speak without further comments about SLn connections
if parity connection is trivial, and we speak about SL±n connections if parity
connection is nontrivial (sometimes the sign ±).
The Canonical Connection is defined by the requirement that all coef-
ficients uT :P are equal to 1.
Only ratios
µTPP ′ = uT :P/uT :P ′ > 0
are important for the connection Qψ = 0. The so called ”framed path”
is defined as γfr = [P0P1...Pm;T1, T2..., Tm] where Pi−1Pi is an edge in the
n-simplex Ti, i = 1, ..., m.
For every connection framed paths have an Abelian Framed Holon-
omy Representation assigning to every framed path a number
γfr →
∏
i
µTiPi−1Pi = µ(γ
fr)
The semigroup Ωframed(M,P0) of the closed framed paths with initial vertex
P0 maps into the multiplicative group k
∗ of our basic field. We consider here
R+ ⊂ k∗ = R∗ only:
µ : Ωframed → k
∗
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The initial point is unimportant because everything is abelian. The expres-
sions µ(γfr) are gauge invariant. The simplest of them are
ρTT
′
PP ′ = µ
T
PP ′µ
T ′
P ′P = ρ
T ′T
P ′P = µ
T
PP ′/µ
T ′
PP ′
corresponding to the framed paths γfr = [PP ′P ;TT ′].
The Reconstruction of Connection for n = 2. In order to reconstruct
connection we need to know all ρTT
′
PP ′ and also collection of µ(γ
fr
j ) representing
the set of generators of the group H1(M,Z). Corresponding procedure is
presented in the work [8]. For n = 2 this procedure is especially simple,
especially for the oriented manifolds. We describe it below.
Let M be an oriented 2-manifold.
Define quantity
ρ(T ) =
∏
Rq∈T
ρ
TTq
Rq
where Tq
⋂
T = Rq = ij, T = ijk, Rq is an edge in T . This multiplicative
2-cochain is homologous to zero as it was proved in [8]. For the noncompact
case it is obvious. For the compact closed orientable manifold we proved that
∏
T∈M
ρ(T ) = 1
This result easily follows from definition of ρ(T ) =
∏
Ri
ρTTiRi where Ri is an
oriented edge in T and Ti
⋂
T = Ri. We have ρ
TT ′
ij ρ
TT ′
ji = 1 which implies
that our product is equal to one, and multiplicative cochain is cohomologous
to zero.
Let δλ = ρ−1/2 > 0, so we have
λijλjkλki = ρ
−1/2(T ), T = ijk, λijλji = 1
Finally we put
µTij = λij · (ρ
TTq
ij )
1/2
This formula solves our problem following the work [8].
The cochain λ is nonunique: one can multiply it by the arbitrary co-cycle.
However, they can be changed in the cohomology classes because the abelian
gauge transformations of the connection acts exactly in that way. It leads to
the invariants of connections in the group H1(M) additional to the ”local”
quantities like ρTT
′
ij .
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Figure 1:
A Nonabelian Holonomy Representation is defined by the closed
”Thick Paths”. By definition, a thick path γthick = T1...Tm = T0 is realized
by the sequence of n-simplices where Fi = Ti
⋂
Ti+1 is a common n− 1-face,
Fi 6= Fi+1. Every closed thick path defines a linear map
K : Ωthick(M,T0) → GLn(R),
solving the equation Qψ = 0 in every simplex Ti where data are given at the
face Fi by induction, starting from T0 = Tm.
A Nonabelian Curvature in the point P for n = 2 is defined as
a Nonabelian Holonomy corresponding to the Thick Path γthickP = T1...Tm
consisting of 2-simplices Ti = PPiPi+1 surrounding vertex P–see Fig 1
The star of this vertex is St(P ) = T1
⋃
T1
⋃
...
⋃
Tm. Nonabelian Curva-
ture is an upper triangle 2×2-matrix K(P, T1) with diagonal (1,±µP ) where
µP = µ(γ
fr
P )) and second row (α(Pi, P ),±µP ). Here γ
thick
P is a closed thick
path ∂StP starting and ending in any vertex Pi ∈ Ti ∈ StP , Pi 6= P . Easy to
see that following lemma is true:
Lemma 1. For the closed paths surrounding vertex P we have
µP =
∏
i=1,...m
ρ
TiTi+1
PPi
where index i is varying modulo m.
In the work [8] one can find all expressions for the coefficients α(Pi, P ) of
the Nonabelian Curvature through the gauge invariant quantities µTPP ′ρ
TT ′
PP ′.
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Remark. For all n > 2 we define nonabelian curvature in the same way
using the star St(σn−2) of every n−2-simplex. We use a thick path consisting
of all n-simplices of this star. It leads to the upper triangle matrix with 2
nontrivial elements only, exactly as in the case n = 2.
Problem: How to construct effectively all discrete SL±2 connections on
the triangulated manifold M2?
Construction. We use the following procedure. Assign to every edge
R ∈ M a number A(R) > 0. For every triangle T ∈ M we have exactly
3 vertices P1, P2, P3 and 3 edges R
T
1 , R
T
2 , R
T
3 . Here Ri = PiPi+1, and i is
counted modulo 3. We define the Connection Operator Q by the equations
QψT =
∑
i
uT :PiψPi
uT :PiuT :Pi+1 = A(PiPi+1)
Theorem 1. 1.Discrete Connection defined by such operator Q is locally and
globally SL±2 .
2.Every SL±2 connection can be obtained by that construction.
Proof of the first part. For every edge R = PP ′ and 2 triangles
T = PP ′S, T ′ = P ′PS ′ where T
⋂
T ′ = R we defined above a gauge invariant
function
ρTT
′
PP ′ = u
−1
T :P ′uT :PuT ′:P ′u
−1
T ′:P
Taking into account relations between the products of the connection coeffi-
cients, we are coming to the following result
ρTT
′
PP ′ = u
2
T :P/u
2
T ′:P = u
2
T ′:P ′/u
2
T :P ′
In particular it means that functions ρ for the edges PP ′ can be calculated
from data in one vertex only. Consider the series of triangles T1, T2..., Tk with
the same vertex P ∈ Ti = PPiP+1i forming a thick path Ti
⋂
Ti+1 = PPi.
We have
i=k∏
i=l
ρ
Ti−1Ti
PPi−1
= µ(γfr)
where
γfr = [PPl...Pk−1PkP ;Tl−1Tl−1Tl...Tk−1TkTk]
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Figure 2:
For the whole cycle ∂St(P ) around the vertex P this equality implies
µ(γfr) = 1, because l = 1, P1 = Pk in this case. The edge PP1 disappear
from the path. So our connection is locally SL±2 .
In order to prove that the connection is globally SL±2 , we consider any
thick path γthick = T0T1...Tm starting from the edge R0 = P0P
′
0. Following
the work [8], every thick path is defined by the word in the free associative
semigroup with 2 generators a1, a2: either this word starts from a1 and looks
like ap11 a
q1
2 .... or it starts from a2, i.e we have a
q1
2 a
p1
1 ... where qj , pj are positive
integers, j = 1, 2, ...k. We present this picture as a pair of 2 vertical boundary
half-lines starting from the initial vertices P0 and P
′
0 of the form P0P1P2...
and P ′0P
′
1P
′
2.... This half-lines l, l
′ with the initial edge form the boundary of
the ”diagram” defining thick path (i.e. the triangulated strip in the half-plane
above the edge P0P
′
0) where all edges are either ”vertical”–i.e. belong to the
half-lines l′l′ or ”horizontal”–i.e. join l and l′–see Fig 3.
We are going to apply the ”product equality” for the horizontal ρ:
∏
Rj
ρ
Tj−1Tj
Rj
= µ(γfr)
where Rj are all horizontal edges in the closed thick path and µ(γ
fr) =
µ(l)µ(l′). Here l′, l are the boundary framed closed paths for the thick path
with framing given by the triangles Tj in the strip.
As we see, at first we are going around the first center P0 ∈ l exactly
p1 times, after that we shift center to the the vertex P
′
p1
at the line l′ and
rotate around it q1 times, and so on. For each such step we use the previous
product formula. The quantities ρTT
′
PP ′ in this case can be expressed as a ratios
of the squares of coefficients of the connection operator Q attached to the
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same vertex P or P ′ from the right and left sides of this edge. So we can
jump from the line l to the line l′ and back in process of calculation, when
corresponding rotation ends. Finally, for the closed thick path we are coming
to the same initial coefficients but in the opposite powers like in the case of
curvature. So the product is equal to one. Our theorem is proved.
Proof of the second part for simply connected manifolds:
Let some SL±2 connection on simply connected manifold be given as a
collection of connection coefficients µTPP ′ > 0. We choose an arbitrary edge
R = PP1 and number A(PP1) > 0. As a first step we define coefficients
A(PPi) for the edges PPi in the star St(P ). They are uniquely defined by
the connection coefficients µTPP ′ = uT :P/uT :P ′. To calculate them we use the
assumption that the products of coefficients
uT ′:PuT ′:Pi = uT ′′:PuT ′′:Pi, T
′′
⋂
T ′ = PPi
of the connection operator Q along the edge PPi for the triangles T
′, T ′′ from
the right and left sides of the edge PPi are equal to each other. We are solv-
ing the equation for u through µ step by step for i = 1, 2, .... using the first
coefficient A(PP1), going around P . It can lead to contradiction only after
passing the full circle P1...Pm around P . But the connection is SL
±
2 . So the
individual simplicial star does not lead to contradiction. After that we extend
it adding triangles by the following rules:
1.Add new triangle which has only 2 common vertices and one common edge
with the set of previous triangles.
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2.Add new triangle which has exactly 3 common vertices with the set of pre-
vious triangles and 2 common edges.
In the first case we obviously have no source for contradiction extending
connection operator Q. In the second case our new triangle is the last tri-
angle in the simplicial star of the vertex P . No contradiction appears here
because our connection is SL±2 . So we meet no contradictions at all, and
we are staying in the simply connected class of domains. We find finally all
coefficients of the operator Q. Our Theorem is proved for simply connected
manifolds.
Proof of the second part for the non-simply-connected mani-
folds:
Consider now non-simply-connected manifold M and its universal cover-
ing p : N → M . We have pi1(N) = 1. Our connection in M canonically
defines a connection in N with same coefficients µT
′
i′j′ = µ
T
ij where T
′ → T
is a canonical linear isomorphism provided by covering map p(T ′) = T .
Choose initial edge E1 = PP
′ ⊂ N and coefficient A(PP ′) as above. Con-
struct the whole field of coefficients A(E) for all edges E in N as above,
because N is simply connected. We have a regular covering group action of
g ∈ pi1(M) in N where g : N → N . Define all images Eg = g(E1) ⊂ N .
Let A(Eg) = λ
2
g, λg > 0. Now we construct representation acting on the
coefficients of the operator Q. This representation preserves connection co-
efficients µTij which are ratios of the operator coefficients in every triangle T .
So we have g : pi1(M) → R
+ where g → λg. This representation gives us
determinants of the holonomy maps realized by the thick paths. For all SL±2 -
connections (R+-valued) in M we have λg = 1 by definition. Therefore we
obtain a field A(E), and coefficients of operator Q are well-defined for M .
Our Theorem is proved.
Remark. Every locally SL±2 connection can be considered as SL
±
2 con-
nection in universal covering N with operators Q given by the set of edge
numbers A(E) and coefficients uT :P such that for g ∈ pi1(M) we have
ugT :gP = λguT :P
or g∗Q = λgQ for some representation pi1(M) → R
+.
2. SL2-Connections and Difference Self-Adjoint Operators.
Consider here any triangulated 2-manifold M2 with ”discrete conformal
structure” which is defined as a coloring of 2-simplices (triangles) into the
8
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black and white colors, according to the works [7, 9, 11, 12]. As we observed
in [1, 2, 4], every scalar real self-adjoint second order operator L can be
presented here in the factorized form (”black” and ”white”):
LψP =
∑
P ′
bP :P ′ψP ′ =
∑
P 6=P ′
bP :P ′ψP ′ +W (P )ψP
where either P = P ′ or PP ′ is an edge. Let bP :P ′ = bP ′:P . We call the set
of coefficients bP :P ”Potential” W (P ) = bP :P and require bP :P ′ > 0 for all
PP ′. There exist unique operators Qb and Qw–the black and white triangle
operators–such that
L = Qb+Qb +W b = Qw+Qw +Ww
Here QbψT =
∑
P∈T uT :PψP where T is any black triangle, and Q
w
T =∑
P∈T uT :PψP where T is any white triangle (see Fig 4).
Consider now the the combined operator QL = {Q
b, Qw}. It defines some
discrete GL2 Connection in the manifold M
2 associated with self adjoint real
operator L.
Theorem 2. The Connection QL is an SL2 Connection.
Proof. Every edge R = PP ′ is intersection of black and white triangles
R = T
⋂
T ′. From the equality Qb+Qb = Qw+Qw modulo diagonal part we
9
conclude that every nondiagonal coefficient of operator L is presented as a
product twice through the coefficients of operators Qb and Qw correspondingly:
uT :PuT :P ′ = uT ′:PuT ′:P ′ = A(PP
′)
However, it was proved above that the set of numbers A(R) for every edge
R = PP ′ defines a SL±2 Connection. Every thick path on a manifold with
“discrete conformal structure” has even number of simplices, therefore this
connection is SL2. Theorem is proved.
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3. Factorizations, Laplace Transformations and Discrete Analog
of 2D Toda Lattice.
Various factorization of linear operators acting on the scalar functions in
RD leads to the so-called Darboux Transformations where Lψ = λψ:
L = Q+Q→ QQ+ = L˜, ψ → ψ˜ = Qψ
and Laplace Transformations–see [1, 2, 3, 4, 5, 8, 6, 10, 11].
Here Lψ = 0
L = Q+Q+W → W 1/2QW−1Q+W 1/2 +W = L˜
ψ → ψ˜ =W−1/2Qψ
In order to apply Laplace transformation, the product W−1Qψ should
be well-defined. However, the operator Q maps in several cases above the
initial space of functions into another functional space. At the same time
the potential W maps the initial space into itself, so our product is not well
defined in general. The Darboux transformation always can be applied but we
need property W = 0 for our factorization which is not true in many cases.
For D = 2 we found following classes only where Laplace transformation is
always well-defined and can be nontrivially iterated infinite number of times.
I. The Square Lattice. The operators L acting in the space of functions
of vertices in the square lattice with basic shifts T1, T2, of the ”hyperbolic
form” (see [1, 2])
L = a(m,n) + b(m+ 1, n)T1 + c(m,n+ 1)T2 + d(m+ 1, n+ 1)T1T2
with gauge equivalence group of the ”hyperbolic equation” Lψ = 0:
L→ fLg, ψ → g−1ψ
where both functions f, g are everywhere nonzero. We have 2 factorizations
(”right” and ”left”)
L = f [(1 + uT1)(1 + vT2) + w] = g[(1 + vT2)(1 + uT1) + wL]
Laplace transformation is defined as usual
L˜ = f ′[(1 + vT2)w
−1(1 + uT1) + 1]
11
In order to apply Laplace Transformation, we use representative L in the
zero level gauge class where L = (1 + uT1)(1 + vT2) + w. Here u = u(m +
1, n), v = v(m,n+ 1), w = w(m,n). For the Laplace Image L˜ corresponding
coefficients are u′, v′, w′. They are taken in the same points.
We have to choose f ′ properly to return to the similar gauge form after
transformation f ′ = (1 + w′)w/(1 + w):
L˜ = f ′[(1 + vT2)w
−1(1 + uT1) + 1] = (1 + u
′T1)(1 + v
′T2) + w
′]
Here we use notations for the shifts of functions ui = T
∗
i (u), v
′
i = T
∗
i (v
′), ....
After substitution, we have:
u′ = f ′u/w, v′ = f ′v/w2, u
′v′1 = f
′vu2/w2
We still have gauge transformation preserving this form L → f−1Lf, ψ →
fψ. The invariants of the last gauge transformations are following: The
potential w in the factorized form and Curvature H = vu2u
−1v−11 similar
to magnetic field in the continuous case. After Laplace Transformation we
get result
H ′ = (1 + w′2)/(1 + w2), 1 + w
′ = (1 + w)wm−1,nwm,n+1w
−1w−1m−1,n+1Hm−1,n
or after shift T1:
1 + w′1 = (1 + w1)ww
−1
1 w
−1
1,2H
So, following the work [2]3, we can express the invariants H ′, w′ through the
invariants H,w only similar to the continuous case. We exclude H,H ′ ex-
pressing all Chain through the variable w(see [4]). We are coming to the
discretization of the 2D Toda Lattice following the classical scheme of Dar-
boux and his school in the XIX Century and based on the Laplace Chains (see
quotations in the work [4]). So the Laplace Chain
...→ Lk−1 → Lk → Lk+1 → ...
is described described by the equation
w′′1 + 1
w′1 + 1
×
w2 + 1
w′2 + 1
=
w′w′1,2
w′1w
′
2
3There were mistakes in the formulas for the equation in the work [2] corrected here.
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where f ′ means the same function for the result of Laplace Transforma-
tion, f ′′ means the same made twice. In particular w,w′, w′′ correspond
to the numbers k − 1, k, k + 1 in our chain wk(m,n) = w′, wk−1(m,n) =
w,wk+1(m,n) = w′′ in the point (m,n), wi means shift of this function to
the direction Ti, i = 1, 2, i.e. wm+1,n and wm,n+1 correspondingly: so the
equation for the quantity wk(m,n) is following
wk+11 + 1
wk1 + 1
×
wk−12 + 1
wk2 + 1
=
wkwk12
wk1w
k
2
Example. Following [2], consider a Cyclic Chain Problem here for the
case of period equal to 2 leading in the continuous case to the sin(sinh)-gordon
equations. Let a = w2k, b = w2k+1 for all k. We get 2 equations for a(m,n)
and b(m,n). They imply that for the quantity G = ab we have
GG12
G1G2
= 1
Consider now only its partial solution G = C where C is a constant. Finally
we are coming to the system
C + b1
1 + b1
×
C + b2
1 + b2
= bb12
It can be viewed as some discrete analog of the sinh-gordon system as it was
pointed out already in [2] in 1997. For C = 1 this system degenerates to the
trivial form bb12 = 1.
The equivalence of this discretization of the 2D Toda Lattice with known
systems is following: its connection with totally discrete 3D Hirota system
was was done by polish group (see below).
The family of Hirota systems can be written in the form
γF (k + 1, m+ 1, n)F (k − 1, m, n+ 1) + αF (k,m, n)F (k,m+ 1, n+ 1)+
+βF (k,m+ 1, n)F (k,m, n+ 1) = 0
assuming that α + β + γ = 0.
It can be written in the form similar to our system if γ 6= 0:
vk+11 v
k−1
2
vk1v
k
2
= λ+ (1− λ)
vkvk1,2
vk1v
k
2
13
where F (k,m, n) = vk(m,n) and vki = T
∗
i (v
k) as above are shifts along the
directions m,n in the selected plane.
The discretization of 2D Toda system presented above also can be written
in the similar form
vk+11 v
k−1
2
vk1v
k
2
=
(vk − 1)(vk1,2 − 1)
(vk1 − 1)(v
k
2 − 1)
Here vk(m,n) = wk(m,n) + 1 in the previous notations. After scaling
transformation v → κv we can rewrite this system in the form
vk+11 v
k−1
2
vk1v
k
2
=
(vk − κ)(vk1,2 − κ)
vk1 − κ)v
k
2 − κ)
with κ 6= 0. In the limit κ→ 0 we are coming to the partial degenerate case
of Hirota systems. Independently similar approach was developed in the work
[16]. However, few years later these authors constructed the isomorphism
of this system with Hirota System (more precisely, with the ”Three-terms
Hirota System”in the work [17]).
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Figure 5:
II. The Trivalent Tree. The real selfadjoint 4th order operators L
acting on the functions of vertices in the trivalent tree Γ–see[6]. We have
here
LψP =
∑
P ′′
aPP ′′ψP ′′ +
∑
P ′
bPP ′ψP ′ +WPψP
where PP ′P ′′ is a short path of the length 2, |PP ′| = 1 and |P ′P ′′| = 1–see
Fig 5
It always can be factorized in the form L = Q+Q+ uP where
QψP =
∑
P ′
dPP ′ψP ′ + vPψP
aPP ′′ = dP ′PdP ′P ′′, bPP ′ = dP ′PvP ′ + dPP ′vP
WP = v
2
P +
∑
P ′
d2P ′P + uP
Laplace transformation is defined as usual
L˜ = Qu−1Q+ + 1, ψ˜ = Qψ
in the self-adjoint zero level equivalence class L → fLf, ψ → f−1ψ. The
iteration of Laplace transformation leads to the Laplace Chains
...→ Ln → Ln+1 → ...
15
where L˜n = Ln+1. In this case the choice of factorizations depends on pa-
rameter because the equation
bPP ′ = dP ′P vP + dPP ′vP ′
has an one-parametric family of solutions for v depending on the initial value
vP0 in the selected point P0 ∈ Γ. We perform Laplace transformations every
time choosing different parameters for the solution of this equation. Therefore
Laplace Chains may be nontrivial and long. They are similar to the Darboux
Chains in the 1D case of the continuous Sturm-Liouville Operators studied
by J.Weiss, A.Shabat and A.Veselov [13, 14, 15], where factorization also
depends on parameter numerating solutions of the Riccati Equation. We
are planning to investigate corresponding analogs of discrete Toda Lattice
based on the sequences of the Laplace-Darboux Chains. According to our
impression, these systems are much more simple than in the cases above.
III. The Equilateral Triangle Lattice. The real self-adjoint second
order operators L acting in the space of functions of vertices in the equilateral
triangle lattice with shifts T±11 , T
±1
2 , (T
−1
1 T2)
±1 of equal length
L = a(m,n) + {b(m+ 1, n)T1 + c(m,n+ 1)T2+
+d(m− 1, n+ 1)T−11 T2 + (adjoint)}
where T+i = T
−1
i We have here right and left factorizations
L = Q+Q +W,Q = (u+ vT1 + wT2)
and
L = Q′+Q′ +W ′, Q′ = u′ + v′T−11 + w
′T−12
This lattice defines naturally a black-white colored triangulation of the plane
R2 where Q = Qb and Q′ = Qw–see Fig 6.
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P=(m,n)
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Figure 6:
The coefficients b, c, d correspond to the edges R = PP ′, PP ′′, P ′P ′′ where
P = (m,n), P ′ = (m+ 1, n), P ′′ = (m− 1, n+ 1).
This is a partial case of the triangulated 2-manifold with black-white col-
oring of triangles–see paragraph 1. We have here a natural isomorphism be-
tween the sets of black and white triangles with set of vertices (m,n). There-
fore our operators Q+, Q and Q′+, Q′ map the space of functions of vertices
into itself. Laplace transformations can be applied here infinite number of
times. Infinite Chains of Laplace transformations are necessary to define
discretization of the 2D Toda lattice.
No gauge transformations are allowed in this case because the transfor-
mation L → f−1Lf, ψ → f−1ψ leads to nonself-adjoint operators , and
L→ fLf destroys potentials W,W ′ where L = Q+Q+W = Q′+Q′+W ′. For
the discretization of 2D Toda lattice we need to consider Laplace transforma-
tions associated with all factorizations L = Q+j Qj+Wj corresponding to basic
shifts Tj,1, Tj,2, j = 0, 1, 2, 3, 4, 5 where T0,1, T0,2 = T1, T2 and other bases are
the rotations of this one by the angle 2jpi/6. The bases with numbers j and
j + 3(mod6) are inverse to each other.
Another choice of representative in the gauge class making the Laplace
Transformations can be also used for discretization of the 2D Toda Lattice
here reducing the operator L in the zero level gauge class Lψ = 0
L→ fLf, ψ → f−1ψ
to the form W = const with const = 0 or const = 1. Here we have
L = Q+j Qj + const→ L˜j = QjQ
+
j + const = ψ˜j
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ψ → Qjψ = ψ˜j
Every time we have to make new factorization and after that perform the
”zero level” gauge transformation reducing potential to the constant. The
whole collection of Laplace transformations in this case should be optimally
organized using relations between them. Anyway, we can obtain some discrete
”Toda type” system on the 3D Lattice in R3. Such candidate already exists
since early 1980s (see [20]. We call it ”the 4-term Hirota-Miwa System”.
We think that some people (like the authors of [17] from the polish group)
already established its isomorphism with Toda-type system obtained by the
Laplace Transformations from the 2D discrete Schrodinger operators. So the
completely integrable(CI) discrete 2D Toda type systems following from this
approach already were found before in the early 1980s during the period of
intensive search of new CI systems by many groups.
Theorem 3. The black and white operators Qb = Qj = uj + vjTj1 + wTj2
and Qw = Pj = u
′
j + v
′
jT
−1
j1 +w
′
jT
−1
j2 as above form together the SL2 discrete
connection {Qw, Qb} which does not depend on j.
Proof. Easy to see that this connection exactly coincides with connection
defined by the factorization of real self-adjoint operators in the paragraph 1
written in terms of 3 different pairs of the shift operators.
By the Theorem proved in the paragraph 2 above, this connection is al-
ways SL2 because the product relations between the coefficients of the black
and white operators immediately follows from the fact that 2 different factor-
izations represent the same operator L as it was pointed out above. So our
theorem is proved.
Our Conclusion is that canonical SL2 connection is associated with real
self-adjoint operator on the equilateral triangle lattice. It is analogous to the
magnetic part of Schrodinger operators in the Quantum Mechanics.
Appendix: Discrete SLn-Connections for n > 2
Let us introduce the following notation. Consider a n − 1-dimensional
face F of a n-dimensional simplex T . Let P0, P1, . . . , Pn, Pn 6∈ F be the
vertices of T . Denote by A(T : F ) the product of all connection coefficients
at the face F
A(T : F ) =
∏
0≤i<n
uT :Pi.
18
Theorem 4. A discrete connection Q belongs to the SL±n class iff there exists
a gauge transformation Q→ fQ such that the identity
A(T ′ : F ) = A(T ′′, F ) = A(F ). (1)
takes place for all pairs of n-dimensional simplices T ′, T ′′ intersecting by an
n − 1-dimensional face F : F = T ′
⋂
T ′′, dimF = n − 1. Here f denotes
some positive function of simplices.
The proof of this Theorem will be published in our article in Russian
Mathematical Surveys, v.68, No. 5 (2013).
We already worked with Canonical Connection constructing discretization
of Complex Analysis for n = 2 (see [7, 12]). For every n ≥ 2 we know that
the curvature of this connection in any point is equal to zero (i.e. it is trivial)
if and only if simplicial star St(σn−2) of every n − 2-simplex contains even
number of vertices. We can color n-simplices into the white-black colors if
and only if every closed thick path consists of even number of n-simplices. The
Holonomy Group G of Canonical Connection is always part of permutation
group G ⊂ Sn+1.
For the construction of the discrete analog of Complex Analysis we need
the property that Canonical Connection is globally flat. In that case we have
black-white coloring of n-simplices and n-dimensional family of Covariant
Constants Qψ = 0, ψ ∈ Rn. So the black and white operators Qb, Qw are well-
defined here, and the connection operator is their direct sum Q = Qb
⊕
Qw.
Covariant constant ψ is defined by the set of n+1 real numbers ψj ,
∑
j ψj = 0,
in every n-simplex and its vertex j, unified in the whole manifold by the
condition Qψ = 0. No theory was developed yet for n > 2.
Appendix 2: Electric chains and Laplace transfor-
mations.
Consider any graph Γ (i.e. a one-dimensional simplicial complex). Let Γ
be one-dimensional skeleton of 2-complex K with following property:
1.Every edge of graph Γ belongs to the boundary of exactly one
2-dimensional triangle.
2.Every vertex belongs to at least 3 triangles.
The notion of electric chain involves the conductivities c(I) > 0 assigned
to every edge I. Here the resistance is r(I) = 1/c(I). Every voltage
function U(P ) of vertices generates currents J through every oriented edge
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Iˆ = [P0, P1]
J([P0, P1]) = c(I) · (U(P1)− U(P0)) = (C∂
∗U)([P0P1]), U = U(P ).
The current J is a one-dimensional chain on the graph. We call vertex free
if boundary ∂J does not contain this vertex (the corresponding coefficient is
equal to 0). The value of function U(P ) at a free vertex P is:
U(P ) =
∑
i
U(Pi)c([P, Pi])
∑
i
c([P, Pi])
,
where Pi are all neighbours of P . So we conclude that if all vertices are
free, the Voltage function U(P ) satisfies to the second order linear difference
equation LU = 0. In general, the image LU(P ) is a Total Current through
the vertex P .
The star-triangle transformation4 for one triangle P1, P2, P3 with
conductivities c3 for [P2, P1], c1 for [P3, P2], c2 for [P1, P3] is the following:
we put a new vertex T in the center of triangle T (let us call them ”black
triangles”) and join it with all three vertices P1, P2, P3 by edges with con-
ductivities c′1 for [P1, T ], c
′
2 for [P2, T ], c
′
3 for [P3, T ] :
c′1(T ) =
c1c2 + c1c3 + c2c3
c1
, c′2(T ) =
c1c2 + c1c3 + c2c3
c2
, c′3(T ) =
c1c2 + c1c3 + c2c3
c3
.
Remove now from the graph all three edges [P1, P2], [P2, P3], [P3, P1]. Define
the new voltage function in the new extended graph:
U ′ = U for all vertices except T and
∂J ′ = ∂J .
In particular it means, that the sum of currents entering new vertex T is
equal to 0.
By the Star-Triangular transformation in the whole complex K we
call the star-triangle transformation applied to all 2-dimensional (black) sim-
plices T of the complex K.
The Star-Triangle Transformation is defined as a mapping from the
linear space of voltage functions U(P ) into the space of voltage functions
U ′(T ).
4It is likely that this transformation was first introduced in 1899 by Kennelly [21] for
classical electric circuits.
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Voltage function U(P ) with free vertices only satisfies to the following
difference equation in the original graph Γ with vertices Pi:
LU = 0, L = ∂C∂∗, C : I → cII
for all edges I.
Consider the Black Triangle Operator Qbψ(T ) =
∑
c′iψ(Pi), i = 1, 2, 3
mapping functions of vertices in the functions of black triangles as it is defined
in the works of the present authors and I.Dynnikov since 1997.
Theorem 1.The operator L = ∂C∂∗ can be factorized in the black trian-
gle (Novikov-Dynnikov) form
L = Q+(C ′)−1Q−W, C ′ : T → (
i=3∑
i=1
c′i(T ))T
for all black triangles T
The proof can be easily checked by the direct substitution. In the works of
Novikov and Dynnikov (see [2, 3]) factorization L = P+P − V was used
where P =
(√
(C ′)
)−1
Q with black triangle operator P and ψ′ = Pψ. In
our case ψ′ = (C ′)−1Qψ. Here we always use the gauge condition Lψ = 0
for ψ = const. The gauge group is L → f(P )Lf(P ), ψ(P ) → f−1(P )ψ(P ).
It allows to write down this transformation in the convenient special form.
Theorem 2. The operator L′ acting on the functions of the black trian-
gles, is obtained from L by the Star-Triangle Transformation in the theory of
electric chains. It has a form
L′ = QW−1Q+ − C ′
and LU = 0 implies L′U ′ = 0, U ′ = C ′QU . So the operator L′ is obtained
from the operator L by the Novikov-Dynnikov (ND) Laplace-type transforma-
tion (written in the special gauge form) for every complex K consisting of
black triangles, defined above.
This appendix appeared after the information about Star-Triangle Trans-
formations in the classical theory of electric chains communicated by Ko-
repanov. Korepanov and Kashaev used it to construct some solutions to the
Yang-Baxter type equations–see [18, 19]. After discussion with Korepanov
we came to conclusion that this transformation is related to the Laplace type
transformation for the difference systems developed for the triangulated struc-
tures since 1990s in our works.
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